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Abstract
We present first results from a first-principles calculation of the QCD equation of state to O(µ4B), where µB is the baryon chemical
potential. We find that second-order corrections are sufficient for a large part of the freeze-out temperature and baryon chemical
potential range achieved by the RHIC beam energy scan. Nevertheless, higher-order corrections are necessary to extend the validity
of the equation of state down to beam energies s1/2NN ∼ 20 GeV.
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1. Introduction
Lattice results for the Equation of State (EoS) have long been used to model the hydrodynamic evolution of the
thermal matter that is created in heavy-ion collisions. Although state-of-the-art results exist for the EoS at µB = 0 [1,
2], with the advent of the Beam Energy Scan (BES) experiment at the Relativistic Heavy Ion Collider (RHIC), it has
become necessary to extend these results to moderately large values of the baryon chemical potential µB. Specifically,
values µB ≈ 400-450 MeV are expected to be reached at the lowest center-of-mass energies [3].
Unfortunately, the well-known sign problem in lattice QCD prevents a straightforward extension of the usual
techniques used to calculate the EoS at µB = 0 to the region µB > 0 [4]. While a complete solution to the sign
problem is not yet known, various methods have been suggested to partially overcome it. Among these, the method
of Taylor expansions is the most straightforward [5, 6]. The method has the advantage that the only error (apart
from the usual statistical error) is the one coming from the truncation of the Taylor series. Moreover, the various
coefficients of the expansion bear a straightforward interpretation as either the cumulants of the various conserved
charge distributions (diagonals), or as the correlations between them (off-diagonals). Because of this, they can be
used to probe deconfinement [7] and they can also be measured in experiments via the moments of different hadron
multiplicity distributions [8].
The basic thermodynamic quantity is the pressure p, which at µB > 0 may be written as
p
T 4
=
∞∑
i, j,k=0
χi jk
i! j! k!
(
µB
T
)i (µQ
T
) j (µS
T
)k
−→
∞∑
n=0
cn
(
µB
T
)n
. (1)
With three flavors of quarks, one has three chemical potentials. A change of basis allows us to express these in
terms of conserved charge chemical potentials: baryon number, electric charge and strangeness: (µB, µQ, µS ). Eq. (1)
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is a completely general expression. However, by specializing to the case of heavy-ion collisions and taking into
account the constraints coming from the initial conditions2, we can express µQ and µS in terms of µB. This makes
our expansion effectively one-dimensional i.e. in the variable µB. The cn coefficients, as well as µQ and µS , can all
be expressed in terms of the χi jk; thus it suffices to calculate all the χi jk upto a certain order. Current perturbative
calculations are applicable only for temperatures T & 350 MeV or so [9, 10]. Thus the calculation of susceptibilities
around and just above the crossover region is a non-perturbative problem requiring the use of lattice techniques.
2. Results
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Figure 1. (From left to right) Lattice results for the coefficients c2, c4 and c6 with initial conditions appropriate to Pb-Pb collisions (nS = 0,
Np = 0.4(Np + Nn)) for Nτ = 8 and 6. Shaded yellow bands denote the location of the chiral crossover temperature Tc = 154(9) MeV [11]. Also
shown are Hadron Resonance Gas (HRG) predictions below and upto the chiral crossover temperature.
Fig. 1 shows our preliminary results for the Taylor coefficients c2, c4 and c6. These were calculated with staggered
fermions using the state-of-the-art HISQ action [12]. We computed all the susceptibilities upto sixth order at two
lattice spacings, namely a = 1/NτT with Nτ = 8 and 6, in a temperature range 140 MeV . T . 330 MeV. Since
we had only two values of the lattice spacing, we did not attempt to perform a continuum extrapolation. Nevertheless
we found that cutoff effects were under control, especially for c2 but also for c4 as well3. Our dominant errors in
fact were statistical, as Fig. 1 shows, especially for c6 and to an extent for c4. Even taking the large errors on c6
into consideration, we still found that |c6| < c4  c2. As a result we were able to extrapolate to O(µ4B) for various
observables for fairly large values of µB/T .
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Figure 2. p/T 4 calculated for Nτ = 8 upto O(µ2B) (left) and O(µ4B) (center), and to O(µ4B) for Nτ = 6 (right). The solid colored curves for T ≤ Tc
are the corresponding HRG results. The zeroth-order results are taken from Ref. [1].
We show our results for the pressure, energy density and entropy density in Figs. 2 and 3. Wherever possible, we
have shown results for both Nτ = 6 and 8 to emphasize that cutoff effects are small for all the observables shown here.
The energy and entropy densities are obtained from the pressure from
ε
T 4
=
∞∑
n=0
(
µB
T
)n {
T
dcn
dT
+ 3cn
}
and
s
T 3
=
∞∑
n=0
(
µB
T
)n {
T
dcn
dT
+ (4 − n)cn
}
. (2)
2The initial conditions are: zero net strangeness (nS = 0), and a fixed electric charge-to-baryon ratio (Np/(Np + Nn) = r). Using these, µQ and
µS may be determined upto any given order in µB [13].
3In fact, the electric charge sector does suffer from cutoff effects at these spacings [14]. However, since we are expanding with respect to µB,
the contribution of this sector is suppressed.
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Figure 3. Comparision between second and fourth orders for the energy density ε normalized to T 4 for Nτ = 6 (left) and Nτ = 8 (center). (Right)
Entropy density for Nτ = 8.
It is readily seen that the main correction for these values of µB/T comes from second-order susceptibilities. However
fourth-order corrections do contribute, especially for temperatures in the important crossover region and lower. In
the case of the energy and entropy densities (Fig. 3), the contribution of the derivative term in Eq. (2) also becomes
significant as the coefficient c4 rises more rapidly than c2 in the crossover region. The fourth-order contribution will
also be larger for larger values of µB/T ; however for these values, it is likely that the sixth-order contribution cannot
be neglected any more.
3. Observables on the Freezeout Curve
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Figure 4. (Left) The baryon density at freezeout when calculated upto leading (O(µB)), next-to-leading (O(µ3B)) and next-to-next-to-leading (O(µ5B))
order. (Right) Energy density at freeze-out.
In the BES at RHIC, as the center-of-mass energy s1/2NN is decreased, the chemical potential at freeze-out µ
f
B
increases steadily while the freeze-out temperature T f changes by only about 10-15%. While at present the EoS is
known upto O(µ2B) [15], as one goes to lower energies, fourth-order and possibly even higher-order corrections may
have to be taken into account. The determination of freeze-out parameters T f and µ fB is ongoing in RHIC and LHC
experiments. In particular, the estimate for the freeze-out temperature has decreased recently [16]. In our current
preliminary analysis we nonetheless use the well-known parametrization of the freeze-out curve by Cleymans et
al. [3, 17] to point out some basic features of our Taylor expansion on the freeze-out curve, such as the value of s1/2NN
at which higher-order corrections start to become important.
As we saw in the previous section, in both the pressure and the energy density, the combination of zeroth and
second-order terms accounted for practically the entire contribution. By contrast, the baryon number density receives
its leading contribution from O(µ2B) susceptibilities and its first corrections from the O(µ4B) ones. This makes it a good
observable to study the impact of higher-order corrections.
Fig. 4 (left) plots the baryon number density, in units of fm−3, on the freezeout curve as a function of the beam
energy. We see that the leading-order description is a good one down to s1/2NN ∼ 30 GeV, at which point the leading and
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next-to-leading order results start to differ. Going to still lower energies, we find that similarly, the O(µ3B) and O(µ5B)
terms seem to start to differ below s1/2NN ∼ 15 GeV.
A second way in which higher-order corrections might be important is seen from the energy density plot in the
same figure. Freeze-out is believed to happen when the energy density drops to a certain, constant value. We can check
this hypothesis by calculating the energy density on the freeze-out curve. The zeroth-order result, which only takes
the temperature dependence into account, remains roughly constant down to s1/2NN ∼ 50 GeV, below which it seems to
dip. When O(µ2B) and O(µ4B) terms are included, the constant region is extended to slightly lower energies s1/2NN ∼ 30
GeV, although the current errors preclude a more quantitative statement. Better statistics should certainly clarify the
issue. However, it may be worth pointing out that the constant value of the energy density, ε ∼ 0.3 GeV/fm3, is very
close to the value in the crossover region and at the “softest point” of the µB = 0 EoS (Ref. [1]).
4. Conclusions
The QCD equation of state is a necessary input in hydrodynamic models of heavy-ion collisions, and calculating it
from first principles has been one of the major programs in lattice QCD. With experiments to probe nuclear matter at
finite density either running (BES) or planned (BES-II and FAIR), the interest has shifted to equations of state at µB >
0. In this work, we presented first results from an ongoing calculation by the BNL-Bielefeld-CCNU collaboration
to calculate the EoS to fourth order in the baryon chemical potential. We expect that this will eventually yield an
equation of state that is valid down to beam energies of s1/2NN ∼ 20 GeV and lower.
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